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Abstract
In this short note we correct the (incomplete) classification theorem from [F. Podestà, A. Spiro, Four-dimensional Einstein-like
manifolds and curvature homogeneity, Geom. Dedicata 54 (1995) 225–243], we improve a result from [P. Bueken, L. Vanhecke,
Three- and four-dimensional Einstein-like manifolds and homogeneity, Geom. Dedicata 75 (1999) 123–136] and we announce the
final solution of the classification problem for 4-dimensional homogeneous D’Atri spaces.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries
A D’Atri space is defined as a Riemannian manifold (M,g) whose local geodesic symmetries are volume-
preserving. D’Atri and Nickerson (see [6]) proved that every naturally reductive Riemannian manifold has this
property. See [9] for a survey about the whole topic. O. Kowalski in [8] classified all 3-dimensional D’Atri spaces
by showing that they are all locally isometric to naturally reductive homogeneous spaces (including the trivial cases
of locally symmetric spaces). Hence all these spaces are locally homogeneous. A similar result is not known in di-
mension 4. Therefore, the first attempt was made in the papers [12] and [4] (which are mutually complementary)
to classify all homogeneous 4-dimensional D’Atri spaces. Let us recall that the property of being a D’Atri space is
equivalent to the infinite number of curvature identities called the odd Ledger conditions L2k+1, k  1 (see [5,14]). In
particular, the two first non-trivial Ledger conditions are:
L3: (∇Xρ)(X,X) = 0 and L5:
n∑
a,b=1
RXEaXEb(∇XR)XEaXEb = 0
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the curvature tensor and ρ the Ricci tensor of (M,g), respectively, and n = dimM .
Thus, it is natural to start with the investigation of all homogeneous Riemannian 4-manifolds satisfying the simplest
Ledger condition L3, which is the first approximation of the D’Atri property. This condition is called in [12] the “class
A condition”. More explicitly, we have the following
Definition 1. Riemannian manifold M is said to belong to class A, or to be of type A, if its Ricci curvature tensor ρ
is cyclic-parallel that is, if
(∇Xρ)(X,X) = 0
for all vector field X tangent to M or, equivalently, if
(∇Xρ)(Y,Z) + (∇Y ρ)(Z,X) + (∇Zρ)(X,Y ) = 0
for all vector fields X, Y , Z tangent to M .
In dimension three, H. Pedersen and P. Tod [11] proved the following result:
Theorem 1. All three-dimensional smooth Riemannian manifolds belonging to class A are locally homogeneous, and
they are either locally symmetric or locally isometric to a naturally reductive space.
(Note that earlier, in [8], both Ledger conditions L3, L5 and the real analyticity condition were used for the proof
of the conclusion of Theorem 1.)
Now, let us recall the concept of a curvature homogeneous space. A smooth Riemannian manifold M is called
curvature homogeneous if, for any two points p,q ∈ M , there exists a linear isometry F :TpM → TqM such that
F ∗Rq = Rp . This is also equivalent to say that, locally, there always exists a smooth field of orthonormal frames with
respect to which the components of the curvature tensor R are constant functions (see, for instance, I.M. Singer [13],
or the monograph [3]). Hence it is obvious that all principal Ricci curvatures are constant. Clearly any homoge-
neous manifold is curvature homogeneous. On the other hand, the locally homogeneous Riemannian manifolds in
dimensions  3 form a “negligible” subclass of all curvature homogeneous spaces (see a survey in [3]).
In dimension four, F. Podestà and A. Spiro published the following classification theorem (see [12]).
Theorem 2. Let (M,g) be a 4-dimensional curvature homogeneous Riemannian manifold of type A, not Einstein,
with at most three distinct Ricci principal curvatures. Then just one of the following cases occurs:
(a) M is locally symmetric;
(b) (M,g) is locally isometric to a Riemannian product M3 × R, where M3 is a 3-dimensional Riemannian space
with two distinct Ricci curvatures (ρ1, ρ2 = ρ1, ρ3), ρ3 = ρ1: M3 is the total space of a Riemannian submersion
over a surface N of constant curvature ρ1 + ρ3; the fibres of this submersion are geodesics and the integrability
tensor A of the submersion is given by √2ρ3w, where w is the area form of N ;
(c) (M,g) is locally isometric to the simply connected Lie group (G,ga), whose Lie algebra g is described by
[e1, e2] = −e2, [e1, e3] = e3, [e2, e3] = e4,
[e1, e4] = [e2, e4] = [e3, e4] = 0,
endowed with the left-invariant metric ga (a ∈R+)
ga = 1
a2
w1 ⊗ w1 + w2 ⊗ w2 + w3 ⊗ w3 + 4a2w4 ⊗ w4,
{wi} being the dual basis of {ei}. The metrics ga have Ricci eigenvalues ρ1 = ρ2 = ρ3 = −2a2, ρ4 = −ρ1 = 2a2
and are not isometric to each other for different values of a. Moreover, the Riemannian manifolds (G,ga) are
irreducible and not locally symmetric.
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This follows from Theorem 1 and the fact that the three-dimensional manifold M3 also has a cyclic-parallel Ricci
tensor. Thus the Riemannian product spaces M3 × R described in (b) are locally isometric to naturally reductive
homogeneous spaces. See also Theorem 4 in [4].
Now, we claim that Theorem 2 is incomplete. In fact, we have found a new family of examples with the following
properties:
• The underlying manifold is the direct product SU(2) ×R.
• There is an one-dimensional family of left-invariant metrics on it (in fact a homothety class) which are of type A,
and which are irreducible, not locally symmetric and have exactly three distinct Ricci eigenvalues.
In the next section, this family will be explained with all details.
2. The counter-example
Let g3 be a unimodular Lie algebra with a scalar product 〈 , 〉3. According to [10, p. 305], there is an orthonormal
basis {f1, f2, f3} of g3 such that
(1)[f2, f3] = af1, [f3, f1] = bf2, [f1, f2] = cf3.
In the following we put a = 2c7 , b = 6c7 where c = 0 is arbitrary.
Let now g = g3 ⊕R be a direct sum, and 〈 , 〉 a scalar product on g defined by: we choose a basis {f1, f2, f3, f4}
of unit vectors such that {f1, f2, f3} is an orthonormal basis of g3 satisfying (1) and f4 spans R. Here R need not be
orthogonal to g3. In particular we assume
(2)[fi, f4] = 0, 〈fi, f4〉 = 0, i = 1,2, 〈f3, f4〉 = k = 0.
In the following we put k =
√
5
21 .
Now we replace {fi} by {ei} (i = 1,2,3,4), where {ei = fi} (i = 1,2,3) and e4 = 14 (
√
21f4 −
√
5f3). Then we
get an orthonormal basis for which
[e2, e3] = 2c7 e1, [e3, e1] =
6c
7
e2, [e1, e2] = ce3,
(3)[e1, e4] = 314
√
5ce2, [e2, e4] = − 114
√
5ce1, [e3, e4] = 0.
Next, we shall consider the simply connected Lie group G with a left invariant Riemannian metric g corresponding
to the Lie algebra g and the scalar product 〈 , 〉 on it. Here the vectors ei determine left-invariant vector fields on G.
According to our construction, the underlying group G is the direct product of the group SU(2) and the multiplica-
tive group R+.
Now we are going to calculate the expression for the Levi-Civita connection, the curvature tensor and the Ricci
matrix.
We know that
(4)2g(∇XZ,Y ) = Zg(X,Y ) + Xg(Y,Z) − Yg(Z,X) − g
([Z,X], Y )− g([X,Y ],Z)+ g([Y,Z],X)
for every triplet (X,Y,Z) of vectors fields. Then using this formula we obtain by easy calculation
Lemma 1.
∇ei ei = 0, i = 1,2,3,4, ∇e1e2 =
c
14
(
11e3 −
√
5e4
)
,
∇e2e1 =
−c (
3e3 +
√
5e4
)
, ∇e1e3 =
−11c
e2, ∇e3e1 =
c
e2,14 14 14
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c
√
5
14
e2, ∇e4e1 =
−c√5
7
e2, ∇e2e3 =
3c
14
e1, ∇e3e2 =
−c
14
e1,
(5)∇e2e4 =
c
√
5
14
e1, ∇e4e2 =
c
√
5
7
e1, ∇e3e4 = 0, ∇e4e3 = 0.
Now, we denote by Aij the elementary skew-symmetric operators whose corresponding action is given by the
formulas
(6)Aij (el) = δilej − δjlei .
Then, by a lengthy but elementary calculation we get:
Lemma 2. The components of the curvature operator are
R(e1, e2) = c
2
14
A12,
R(e1, e3) = −c
2
196
(
25A13 + 13
√
5A14
)
,
R(e1, e4) = c
2
196
(−13√5A13 + 25A14),
R(e2, e3) = c
2
196
(−41A23 + 5√5A24),
R(e2, e4) = 5c
2
196
(√
5A23 − 3A24
)
,
(7)R(e3, e4) = 0.
Then the space of the curvature operators is obviously spanned by the five operators A12,A13,A14,A23,A24.
Hence the Lie algebra generated by these operators is six-dimensional and isomorphic to so(4). We also see from here
that the action of the holonomy algebra on the tangent space TeG is irreducible and hence the corresponding manifold
is irreducible. (See Theorem 9.2 in Chapter III of [7].)
Moreover we can see easily that (∇e4R)(e1, e3)e3 = 0 and hence the space is not locally symmetric. Further, we
obtain easily
Lemma 3. The matrix of the Ricci tensor of type (1,1) expressed with respect to the basis {e1, e2, e3, e4} is of the form
(8)
⎛
⎜⎜⎜⎜⎜⎝
− c214 0 0 0
0 3c214 0 0
0 0 33c298
2
√
5c2
49
0 0 2
√
5c2
49 −
√
5c2
98
⎞
⎟⎟⎟⎟⎟⎠
and the corresponding Ricci eigenvalues are r1 = − c214 , r2 = 3c
2
14 , r3 = − c
2
14 , r4 = 5c
2
14 . Hence two of the Ricci eigen-
values are equal.
Next, the condition for the metric g on G to be cyclic Ricci parallel is
(9)(∇Xρ)(Y,Z) + (∇Y ρ)(Z,X) + (∇Zρ)(X,Y ) = 0
for every triplet (X,Y,Z) of vectors fields where ρ is the Ricci tensor of type (0,2). This equation has a purely
algebraic character because the metric g is left-invariant. Hence, we can substitute for X,Y,Z every triplet chosen
from the basis {e1, e2, e3, e4} (with possible repetition). Then in the general case given by (1) and (2) we find, after a
longer calculation, that (9) is equivalent with only two independent algebraic conditions
(a − b)(2(a − c)(b − c) + (a + b − 2c)ck2)= 0,
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We see easily that, for our special choice of a, b, c, and k, these conditions are satisfied.
3. Preliminary communication about the complete classification
Note that the generic case where all Ricci eigenvalues are distinct was not investigated in [12]. Instead, the authors
asked if such spaces of type A exist at all. This question was answered affirmatively (by P. Bueken and L. Vanhecke)
for the case of homogeneous spaces in [4] but not in completely satisfactory way. The latter authors claim in [4]
that there is just a two-parameter family of such metrics but this family is not expressed in the explicit form except
one particular example given by complicated formulas. Moreover, the method used in this paper has not a direct
geometrical meaning.
O. Kowalski and the present author succeeded to express this two-parameter family in a simple and readable form
in [1]. In the notation of Section 2 (see formulas (1), (2)) the exact description reads as follows:
a = c
4
(
3 − 3k2 −
√
1 + 2k2 − 3k4 ), b = c
4
(
3 − 3k2 +
√
1 + 2k2 − 3k4 ),
c = 0, k ∈ ]0,1[∖
{√
5
21
}
,
where the corresponding distinct Ricci eigenvalues are
r1 = c
2
8
(
2 − 6k2 −
√
1 + 2k2 − 3k4 ), r2 = c
2
8
(
2 − 6k2 +
√
1 + 2k2 − 3k4 ),
r3 = c
2
16
(
3 − 3k2 −
√
9 − 2k2 + 57k4 ), r4 = c
2
16
(
3 − 3k2 +
√
9 − 2k2 + 57k4 ).
By this, the complete classification of all homogeneous spaces of class A was finished successfully (showing that
the previous counterexample to Theorem 2 of [12] was the only one). Our method is based on the classification
of Riemannian homogeneous 4-spaces by L. Bérard Bergery [2] and on the computer support, using the program
Mathematica 5.0.
On the other hand, in [4] the authors affirmed, just referring to a computer result, that the (generic) locally homoge-
neous four-dimensional manifolds of type A with all distinct Ricci eigenvalues and the Lie groups (G,ga) described
in Theorem 2(c) do not satisfy the second odd Ledger condition, L5. (We have checked this affirmation in [1] too, but
with all details.)
Moreover, we have checked in [1] that the L5-condition is not satisfied for the new family of spaces described
in Section 2. So, as a consequence of the complete classification of all homogeneous spaces of class A, we prove
correctly and with all details in [1] the following
Main Theorem. In dimension 4 all simply connected homogeneous D’Atri spaces are naturally reductive spaces
(including symmetric spaces as special cases).
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Appendix A
When the new family of examples was found, O. Kowalski and the present author contacted A. Spiro and F. Podestà
who confirmed that there was really a gap in the paper [12] and they kindly asked us to publish the following Erratum:
34 T. Arias-Marco / Differential Geometry and its Applications 25 (2007) 29–34the formula in page 236, line 11, should read correctly
d234
(
d312 − d321
)− d324(d213 − d231)= d234
(
d312
(
1 − ρ2 − ρ4
ρ3 − ρ4
)
− 2d231
ρ2 − ρ4
ρ3 − ρ4
)
= 0.
Several weeks later, they sent us the complete correction of the paper [12] (written in a couple of pages) where they
recovered the family from Section 2—in a bit different but still equivalent form. Also, they concluded that it was the
only missing family. They kindly requested O. Kowalski and the present author to include the detailed computation in
some of their papers. We decided to include all details in the full version [1]. Anyway, the classification by F. Podestà
and A. Spiro should be now corrected as follows:
Theorem 3. Let (M,g) be a 4-dimensional curvature homogeneous Riemannian manifold of type A, not Einstein,
with at most three distinct Ricci principal curvatures. Then either one of the cases (a), (b), (c) from Theorem 2 occurs,
or (M,g) is locally isometric to a space from the family described in Section 2 by formula (3).
Note that, in the case of at most three distinct Ricci eigenvalues, the corrected result by Podestà and Spiro is
stronger than our classification result (see [1]) because the homogeneity is replaced by the weaker assumption of
curvature homogeneity.
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